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g-Regular Sequences i

A sequence x: Ng — C is g-regular if there are sequences xi, ..., Xp

such that for every integer i >0 and 0 < b < ¢’
there exist ¢1, ..., c¢p € C such that Vn € Ny

D
x(q'n+b) =Y ¢x;(n).
j=1

Example: Binary Sum of Digits

s(n) = sum of bits in the binary expansion of n

s(2'n+b) =s(n) +s(b) fori>0and0<b<?2 |

= s is 2-regular

Asymptotic Analysis of g-Recursive Sequences Gabriel F. Lipnik 3



Linear Representations

Theorem (Allouche-Shallit 1992)

A sequence x is g-regular if and only if
there exist square matrices Ag, ..., Ag—1 and
a vector-valued sequence v with first component x such that

v(gn+r) = A,v(n)
holds forall n€ Ngand 0 < r<qg-—1.

~+ (Ao, ...,Aq—1,V) is called g-linear representation of x
If e = (1, 0,... ,O) and (n)2 =dy_1...dp, then
x(n) = e1Aq, , - Aqv(0).
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Linear Representations — Example

v(gn+r) = A,v(n)
Binary Sum of Digits s:

We set
v(n) = (s(ln)> ,
then
on-(40)-(4)- o0
——
=:Ap
and
v@n+1) = <s(2n1—|— 1)) _ (s(n)l—i— 1> _ <é i) v(n).
——

::Al

= (Ao, A1, v) is a 2-linear representation of s.
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Asymptotics for the Summatory Function

Goal: Given a g-regular sequence x, find asymptotics for

X(N) = Z x(n).

0<n<N
® (Ao,...,Aq—1, V) linear representation of x
® R >0 such that [|Ag, --- Ag,|| = O(R") holds for all £ € Ng
and di, ..., dy €{0,...,9g — 1} ~~ joint spectral radius

Theorem (Heuberger—Krenn 2018)

X(N) = > N'ogq A > (log N)"- ®y;({log, N})
Aeo(Ao+-+Aq—1) 0<i<m(X\) ,
[A|I>R + O(N|°qu(|og N)m )

e with 1-periodic continuous functions ®);

o Fourier coefficients can be computed with arbitrary precision
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Unbordered Factors in the Thue—Morse Sequence

@ Thue—Morse Sequence t:
t(n) == s(n) mod 2
as an infinite word:

t = 01101001100... )

@ Unbordered Factors:

Bordered Factor: same prefix as suffix + = 0[110100110]0. ..
Unbordered Factor: not bordered t = 011[010011]00. ..

f(n) ... number of unbordered factors of length nin t
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Unbordered Factors in the Thue—Morse Sequence G

Theorem (Consequence of Go¢-Mousavi-Shallit 2013)

f(8n) =|2f(4n), (n>1)
f(8n+1) =|f(4n+1), (n>0)
f(8n+2) =|f(4n+1) + f(4n+3), (n>1)
f(8n+3)=—f(4n+1)+ f(4n+2), (n>2)
f(8n+4) =|2f(4n+ 2), (n>0)
f(8n+5) =|f(4n+ 3), (n>0)
f(8n+6) =—f(4n+ 1)+ f(4n+2) + f(4n+3), (n>2)
f(8n+7) =|2f(4n+1) + f(4n + 3). (n>3)
2 0 0O 0 0 20
caft o wacfr g
0 -1 10 0 2 01
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g-Recursive Sequences

Let M > m >0 and ¢ <0 < u be integers.

A sequence x: {/,...,0} UN — C is g-recursive
with exponents M and m and bounds £ and u

if forall0 <r< qM and ¢ < k < u there are ¢, , € C with

x(qMn+r) = Z crix(q™n+ k)
(<k<u

for all n € Np.
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Main Result on g-Recursive Sequences

Theorem (L 2019)

Let x be g-recursive with exponents M and m and bounds ¢ and u and

M—m _ M
= (qu’”—+l+lJ +1> [£<0] aswellas

M—m M m
uq +q" —q m
u/:max{\\ P J -1, q —1}.

Then x is g-regular with linear representation

v(n) = (vo(n),...,Vm 1(n), vin(n),...,vis_1(n))T, where
x(g'n)
vi(n) = for 0 < j < m and
x(@n+q —1)
x(¢'n+ 1)
vi(n) = : form<j< M.

x(@n+q —q"+ )
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Idea of the Proof

o Verify: There exist matrices Ag, ..., Ag—1 with
v(gn+r) = Arv(n) forall0 <r < qand ne Ny.

~+ each entry of v(gn+ r) is a linear combination of entries of v(n)
o Distinguish between the blocks v; of v.

@ Show that bounds ¢ and v’ are correct.
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Special Case of g-Recursive Sequences

Proposition (L 2019)

Let m > 0 and x be 2-recursive with .
exponents M =m+1 and mand - x(¢" 'nir) = Crok x(2M n+-k)
bounds £ =0 and u = 2" — 1. =t
Set v/ :=2" —1 and By = (¢ k)o<r<om—1 and By == (Cr k)pmepcomil_q.
0<k<2m—1 0<k<2m—1
Then x is 2-regular with linear representation (Ao, A1, v), where
o v(n) = (vo(n),. .., vm_1(n), vim(n))" with
x(2n) x(2™n)
vi(n) = for0<j<m and vy(n)= ,
x(2Zn+2 —1) x(2™n + u')
@ and _ [ Joo I (0 Ju
Ao_(o B()) and A1_<O Bl>'
Moreover, we have o(Ag + A1) = o(By + B1) U {0}.
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Unbordered Factors in the Thue—Morse Sequence G

f(n) ... number of unbordered factors of length n in t
Theorem (Go¢-Mousavi-Shallit 2013)

f(8n) =[2f(4n), By (n>1)
f(8n+1) =|f(4n+ 1), (n>0)
f(8n+2) =|f(4n+1) + f(4n+ 3), (n>1)
f(8n+3) =|—f(4n+1) + f(4n+2), (n>2)
f(8n+ 4) =|2f(4n + 2), B (n>0)
f(8n+5) =|f(4n+ 3), (n>0)
f(8n+6) =|—f(4n+1) + f(4n+2) + f(4n + 3), (n>2)
f(8n+7) =|2f(4n+1) + f(4n+ 3). (n>3)

| A\

Corollary
The sequence f is “nearly” 2-recursive
with exponents M = 3 and m = 2 and bounds £ =0 and u = 2% — 1.
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Linear Represenation of f G

Proposition leads to “nearly” linear representation (Ao, A1, v) with

f(n)

f(2n)

f(2n+1)

v(n) = f(4n)

f(4n+1)

f(4n+2)

as well as f(4n+3)
01 00 O OO 0 01 0 0 0O
0001 0 0O 00 00O O 10
0 000 1 0O 00 00 O 01
Ap=10 0 0|2 0 0 O and Ay =0 0 0|0 0 2 0
0 000 1 0O 00 0|0 0 O 1
0 000 1 01 00 0|0 -1 1 1
0 000 -1 10 00 0|0 2 01

— v(2n) = Agv(n) and v(2n+ 1) = Ayv(n) for n > 3



Asymptotics for the Number of Unbordered Factors G

Correction for 0 < n < 2 yields a linear representation (2\0,2\1, V) with

(Ao + A1) = o(Ag + A1) U {0.1}
=o(By+ B1)U{0}U{0.1} = {1 -+/3,0,1,2,1+ 3}
o joint spectral radius p(Ao, A1) = p(Ao, A1) < 2.000095
— choose R = 2.0001

o log, R = 1.0000721329487 . ..
o k= logy(1+ v/3) = 1.449984313 ...

Theorem (L 2019)

FIN)= Y f(n) = N"d({logy N}) + O(N°& )
0<n<N
o with a 1-periodic function ¢

o Fourier coefficients of ® can be computed efficiently
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Periodic Fluctuation in the Main Term @

F(2u) _ 2U'L€¢(U) + O(2u|og2 R)

— F(2)/2n
—  ®(u) approximated by its trigonometric polynomial of degree 2000
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Further Results

o Linear representation and asymptotics for

— Stern’s diatomic sequence
— the number of non-zero elements in a generalized Pascal’s triangle

@ Comparison of the main result to another approach for finding
linear representations (Shallit)

o Implementation in SageMath
— Input: recurrence relations of a g-recursive sequence
— Output:
o linear representation
e asymptotics incl. Fourier coefficients (combined with an
implementation of Heuberger/Krenn)
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